Abstract. We show that the simple quasi crossing number of K11 is 4.
A quasi-planar graph [2] is one that can be drawn in the plane without any triples of pairwise crossing edges. A drawing of a graph in the plane is simple if every pair of edges meets at most once, either at an intersection point or at a common endpoint. Accordingly, a graph is simple quasi-planar if it has a simple drawing in the plane without any triples of pairwise crossing edges. We define the simple quasi crossing number of a graph G, denoted by cr 3 (G), to be the minimum number of such triples in a simple drawing of G in the plane.
It has been shown [1] that a simple quasi-planar graph with n ≥ 4 vertices has at most 6.5n − 20 edges and this bound is tight up to a constant. We use this bound and follow the proof of the crossing number inequality [4, 6] to obtain a lower bound on the simple quasi crossing number of a graph as follows.
Let G be a graph with n ≥ 4 vertices and e edges. Consider a simple drawing of G with cr 3 (G) triples of pairwise crossing edges. We can remove each such triple by removing an edge. In this way, we can obtain a simple quasi-planar graph with at least e − cr 3 (G) edges and n vertices. By the above-mentioned bound, we have cr 3 (G) ≥ e − 6.5n + 20.
We improve this bound by the probabilistic method, as in the proof of the crossing number inequality. Let p be a parameter between 0 and 1, to be chosen later. Consider a random subgraph of H obtained by including each vertex of G independently with a probability p, and including the edges for which both vertices are included. Let n H , e H and cr 3 (H) be the random variables denoting the number of vertices, number of edges and the simple quasi crossing number of H, respectively. By applying the inequality (1) for graphs satisfying e ≥ αn since the probability p must be at most 1. The value of α maximizing (α − 6.5)/α 5 is 8.125, which implies that cr 3 (G) ≥ (1.625/8.125
5 )e 5 /n 4 + (20/8.125 6 )e 6 /n 6 for graphs satisfying e ≥ 8.125n. In this paper, we are particularly interested in the values of cr 3 (K n ) where K n denotes the complete graph on n vertices. For n ≤ 10, K n is known to be simple quasi-planar [3, 5] and so we have cr 3 (K n ) = 0. For n = 11, we obtain cr 3 (K 11 ) ≥ 3.5 from (1). Therefore, there must be at least four triples of pairwise crossing edges in any simple drawing of K 11 . In the following, we present a drawing (Figure d For n ≥ 12, we are not aware of the exact values of cr 3 (K n ). In this case, the best known lower bounds can be obtained from the inequalities (1) and (2) . It is an open problem to obtain non-trivial upper bounds on cr 3 (K n ) for n ≥ 12. Another open problem is to find a general drawing that provides a good upper bound on cr 3 (K n ) for large n.
